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The Practical Calculation

of Office Premiums

BY

HENRY MOIR, F.F.A.
OF THE SCOTTISH LIFE ASSURANCE COMPANY, LIMITED

VOL. IV. Q



The Practical Calculation of Office
Premiums?

THE ACTUARIAL SOCIETY OF EDINBURGH was formed more par-
ticularly for the benefit of students, to assist them in their studies
of actuarial and mathematical subjects; and it is therefore
unnecessary to make any apology for submitting a paper of an
elementary character, which makes no pretence at originality of
thought, but which is designed simply to bring together some of
those practical questions which have been dealt with by Actuaries
of ripe experience, and to place them before students in a compact
form. Those questions which do not appear to have been dis-
cussed by others, are well known to Actuaries who have had
any considerable experience in the practical calculation of office
premiums; but yet the following notes may be of service to
students who, in many cases, have little opportunity for gathering
such information.

In order to deal clearly with the subject, it is desirable to state,
in the first place, one or two of the fundamental principles which
should regulate the calculation of office premiums. The premium
payable by the policyholder forms the foundation upon which the
whole structure of life assurance is built; and if the premiums be
inadequate, as in the case of Assessment Companies, the structure
must sooner or later collapse. It is sometimes urged that rates
are fixed by competition, and no doubt this is a factor which must
have some weight in their computation; but the premiums should
on the average, and in all classes of assurance, be sufficient to meet
the risk run and the expense incurred; while in proprietary Com-
panies a further small addition should be made, to provide part of
the dividend payable to shareholders in return for their guarantee
of the Sums Assured.

The effects of medical or other selection should be kept in
view, because it will be found that the rates of premium deduced
from an aggregate table are too low for new entrants at young
ages, and too high for those entering later in life. This will be

1 Read before the Actuarial Society of Edinburgh 3rd March 1898,,
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seen from the following comparison of Sprague's Select Premiums
with those of the HM Table:—

Age.

20
30
40
45
50
60

Value of 100 77* (a 3J% Interest.

By Sprague's Select Tables.

• £1 9 5
1 16 3
2 9 6
2 19 6
3 12 4
5 13 8

By HM Table.

£ 1 6 7
1 15 5
2 9 4
2 19 8
3 13 4
5 17 0

According to an aggregate table a policyholder, entering at (say)
age 40, is charged such a premium as will, on the average, exactly
meet the sum assured at the death of each of a mixed body of
lives, of whom some will have entered as healthy lives ten or twenty
years ago, while others have still to enter at older ages. The
deteriorated lives in the aggregate experience have the effect of
increasing the premium required for the risk as compared with a
select body of lives; but, on the other hand, the introduction of
new healthy lives in the future has the opposite effect, reducing
the average premium found necessary. These two forces therefore,
acting in contrary directions, cause the premiums, calculated from
an aggregate table, to fall short of or exceed the corresponding
select premiums, according as the force governed by the admission
of healthy lives in the future is stronger or weaker than that
governed by the deteriorated lives already existing.

At the present time the Select Tables formed by Dr. Sprague,
from the material collected by the Institute of Actuaries, are
believed to be the most reliable for Life Office calculations. It is
sufficient to calculate the premium for each fifth age only, and
obtain the intermediate rates by interpolation.

The expenses incurred in connection with the issue of a policy
and the collection of the relative premiums, usually depend, partly
upon the amount of the policy, and partly upon the premium pay-
able. Accordingly the loadings for expenses should, in general
cases, include (1) a constant addition for each £100 assured, and
(2) a percentage addition depending upon the premium payable.
If a constant addition only were made use of, the loading to
premiums at young ages would be too great when viewed in
relation to the much larger premiums payable by older entrants;
while if the net premiums were loaded with a percentage only, the
resulting rates at young ages would be too small as compared with
those at older ages. It may here be remarked that any office
having unusually low rates at certain ages, or under certain classes
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of assurance, will find that a larger proportion of business is likely
to be transacted at these low rates—a result to be expected from
the natural selection exercised by those effecting policies.

The rate of interest to be employed is also a most important
factor in the calculations, and this is a subject upon which great
diversity of opinion exists. It has been remarked that the rate of
interest assumed should approach that which the Office may rely
upon earning until the policy may become a claim; but this,
which would necessitate calculations at perhaps 2 | per cent,
interest, is an extreme view to take; and it is much more reason-
able to adopt a rate approaching that which the Office can at
present realise, and to make allowance for possible reduction by
introducing in the loading what may be called a "margin for
fluctuation/' The recent fall in the rate of interest may have
been partially counterbalanced by a more favourable mortality
experience than that on which existing Tables are based; and,
judging from the present rates of interest earned by Offices, it
would seem as if 3 \ per cent, were a fair rate to employ, or even
the 3f per cent, suggested by Mr. Andras (/. /. A. xxxii. 343).

From the foregoing it will be seen that the elements in the
computation of ordinary Office premiums are :—

(1) Eate of Mortality.
(2) Kate of Interest.
(3) Eate of Expense.
(4) Margin for possible fluctuations in these rates.

These elements are clearly brought out in the formula which
we owe to Dr. Sprague, where the expense is met by (1) an
initial commission of 1 per cent, on the sum assured, whole Life
spread over life; (2) a constant of 2s. 6d. per cent. Without
on the sum assured; and (3) a percentage (7-J per Profits-
cent.) calculated on the pure premium plus the two constants, for
renewal commission and fluctuations.

:2! (1)

(Dr. Sprague used 4 per cent, interest, and at this rate the for-
mula may be written TO86 ^[x]+'00] 75.)

This is a good practical formula for ordinary classes of business,
notwithstanding the two finical objections in theory which have
been raised, viz. (1) that the percentage addition should be made
to the gross premium, so that, when 7\ per cent, is deducted from
the Office rate, the result will be the pure premium ir[x} plus the
constant loadings (i.e. -^'925 instead of Xl '075) ; and (2) that
a M should depend upon the combined rates of mortality and dis-
continuance, and not upon the rate of mortality only. The first
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varies from 3d. to 6d. per cent., while the loss under the second is
more than covered by the balance-of the reserve value of the
Policy, falling to the Office on surrender or lapse.

The general formula given by the late Mr. Eothery (/. / , A.
xxx. 135), which may be included here for the sake of complete-
ness, was constructed with the following loadings :—

(1) In respect of the first premium, £2 per cent, upon the
sum assured and 5 per cent, upon the gross premium.

(2) In respect of each premium including the first, 8 per
cent, upon the gross premium.

(On an average premium of £3 per cent, this amounts to
80 per cent, on the first premium and 8 per cent, on
renewals.)

The formula after reduction is therefore :—

It will be observed that, as compared with Dr. Sprague's for-
mula, the definite constant loadings are not present, but the
percentages are increased considerably. This has had the effect
of making the premiums in early years lower, and in later years
higher, than those of Dr. Sprague; and accordingly the rates
deduced by this formula are perhaps better for competitive pur-
poses at the present time, because many of the rates still in use
were based upon an aggregate Table of Mortality such as the HM,
where, as already explained, the premiums in the early years are
too low. For a standard formula Dr. Sprague's would appear to
be the better, as in the other the loadings depend too much upon
the premium actually payable, and do not allow specifically for
the constant expenses in the collection of premiums. Doubtless,
however, the formula was found suitable to the individual case
under consideration by Mr. Rothery; and it must be borne in
mind that it was not put forward as a standard for comparison.

When premiums are payable half-yearly or quarterly, a larger
sum than the proportion of the annual premium must be charged
Half-yearly t o cover (1) Loss of Interest; (2) Possible Loss of

and Premium in the year of death; and (3) Additional
Quarterly, Expense in collection. The addition to the pure
premium for Loss of Interest and of Premium may be readily cal-
culated (see Institute Text Book); and brings out an average of J
over 2 per cent, for half-yearly, and 3 per cent, for quarterly
payments. The additions made in practice vary from 3 to
5 per cent, for half-yearly, and from 5 to 7 | per cent, for
quarterly payments, so that the excess over the theoretic addition
is available to meet the additional trouble and expense. Some
Offices protect themselves against the loss of premium in the year
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of death by charging an annual premium payable by instalments,
stipulating that any unpaid instalments of the premium current
in the year of death should be deducted from the Sum Assured.
Any surcharge for additional expense in collection would appear
to be unnecessary in the case of large policies.

When the whole-life premiums have been definitely agreed
upon, those for (1) Limited Payment and (2) Ascending Scale
Policies may be at once derived from them by equat- Limited
ing the payments, the benefit being in all three Payment and
classes the same. Accordingly, if IPx represent the Ascending
A J- o i • j • ,1 /. ! / ; Scale Policies.
Ascending Scale premium during the nrst five years
(to be deduced as indicated on p. 277), and hPx the premium
thereafter, the equations may be expressed—

(3)

(4)

(1) Px&jx—

P&,whence nPx= p-£

(2) P^,x=

whence {hPx-lPx) =

If the Whole Life premiums be calculated at 3£ per cent, it
would seem reasonable to obtain the Limited Payment (and more
particularly Single Payment) premiums by the use of annuities at
a slightly higher rate, say 3f per cent., or even 4 per cent., should
the Office be able to realise this latter rate, because the expenses
in collection of premiums, etc., are likely to be lighter.

The Office Premiums for Endowment Assurances, Joint Life
and Last Survivor Assurances, etc., may be formed by self-evident
modifications of the general formulas above given.

Term Policies should scarcely be passed over without some
remark. Neither of the two formulas referred to can be properly
applied to the calculation of such premiums, because
• /• • * .1 T .- , T • . , • i Short Term

it is not the general practice to pay a large initial A s s u r a n c e s

commission on this class of business, although 10s.
per cent, on the sum assured is sometimes paid. Even this
modified sum must, however, be looked upon as extravagant,
more particularly in the case of Policies for only one or three
years' duration; and, in order that the premiums might bear so
heavy a charge, it would be necessary to adopt such rates as
would be practically useless in competition. The commission
under this class being therefore limited to about 5 per cent, on
the premiums paid, or even less, it would seem as if the rates
should properly be calculated by adding simply a percentage and
constant. Such loadings must, however, be considerably higher
than the corresponding whole-life loadings for several reasons :—
(1) The business remains on the books of the Company for a
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short term only, and the trouble and expense in connection with
the issue of the Policy ought to be met out of the loadings
received during that period; (2) the rates of mortality deduced
by Dr. Sprague were obtained from an experience constructed
according to calendar years, and, notwithstanding the ingenuity
with which the calendar years were made to coincide with
average Policy years, there is some doubt as to the mortality
(especially during the period immediately following entry) being
such as would actually be found to exist; (3) it is the opinion
of many actuaries that mortality is considerably heavier in this
class than in the ordinary classes of assurance from which exist-
ing Tables have been computed; and, until the new Institute
Experience, relating exclusively to Term Assurances, is available,
it is desirable to introduce a considerable ' margin for fluctuation.'
On the other hand, it must be borne in mind that medical selec-
tion is now thought to be more efficient than in the days when
the Policies in the present Institute Experience were effected,
and this may have some effect upon the mortality, especially
during the early years of assurance. There is much difficulty in
giving any general formula applicable to Term Assurances, but it
will be found that, bearing competition in view, the loadings can
scarcely be more than a constant of 5s. per £100 assured, plus
10 per cent., modified for different terms, etc., as undernoted,

JPU=^l^+-0025}. (5)

Another element which enters into the calculation of Short
Term premiums for any term greater than one year, is the fact
that, if the life should remain healthy, he has the option of
dropping the one Policy and effecting another for the remainder
of the term at a lower rate (see page 281); and accordingly the
above formula requires modification for

(1) Very short or very long terms.
(2) Varying Office rules regarding medical fee, commission, etc.
(3) The option referred to.

To calculate the true theoretical pure premium for Joint Life
Term Assurances is a troublesome operation; but, for all ordinary
Joint Life a g e s an ( l terms, it is unnecessary labour, because it will
Term be found that the addition of the individual pure
Assurances, premiums gives a very good approximation to the
true Joint Life rate, exceeding it by a small sum only. The single
payment for such a policy may be expressed thus :—

and the last term, representing the premium for an assurance
payable on the second death taking place within the n years,
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may be neglected, wi thout seriously affecting the result, unless
t h e t e rm should be long or the lives advanced in age.

S tuden t s frequently make the assumption t h a t an equation of
similar form is also mathematical ly accurate in the case of annual
p r e m i u m s ; bu t i t will be a t once apparent t h a t th is is not so on
transforming the above equation into annual premiums, t h u s : —

-1
: n\ — xy .

: n\ }xy: n\

n\ =

(a) The correct formula is

(&) while the fallacious
formula assumes that

Under certain classes of policy the assumption of formula (&) would
result in very considerable error; but in the case of short term
assurances, for all ordinary periods, it will be found that a very
close approximation to the true rate is obtained by adding the
two individual rates. If (y) be the older of two lives the Office
premium may, therefore, be thus expressed :—

where <£ represents a percentage (say 1\ or 10 per cent.) to provide
the slightly heavier commission and expense.

The following table shows the difference between the approxi-
mate pure annual premium and the true premium, according to
Sprague's Select Tables at 3 | per cent, interest,

TERM
n.

1
3
5
7

10

AGES 30, 30.

Approximate
Rate.

•870
1-290
1-482
1-606
1-738

Correct
Rate.

•868
1-282
1-473
1-592
1-721

Excess of
Approxima-

tion.

•002
•008
•009
•014
017

AGES 40, 40.

Approximate
Rate.

1062
1-534
1-810
2-002
2-244

Correct
Rate.

1059
1-525
1-794
1-981
2-210

Excess of
Approxima-

tion.

003
•009
016
021
•034

An ingenious and practical formula, for obtaining approximately
the pure premium for a Joint Life Endowment joint Life
Assurance, was given recently by Mr. Lidstone Endowment
(/. / . A. xxxiii. 354), who showed, by verbal ex- Assurances,
planation and a series of examples, that good results are obtained
for almost all ages and terms. The formula is :—

7r^=7r*^+7r2/^~7r»n CO
where 7r̂  denotes the sinking fund, payable in advance, which
will amount to 1 in n years. The formula is fully explained by
Mr. Lidstone. It need only be added that Office premiums may
be introduced with fairly satisfactory results; and this affords a
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convenient means of placing a rapid check upon any calculation
of this nature.

The Double Endowment Assurance benefit consists of an ordinary
Endowment Assurance of £100, combined with a Pure Endow-
Double ment of £100, payable should the life survive the
Endowment term; or, it may be expressed as a Term Assurance
Assurances. o f £ 1 0 ( ^ c o m b i n e d with an Endowment of £200
payable at the end of the term.

The premiums for such assurances differ from Whole Life and
ordinary Endowment Assurance premiums in one important
respect, viz.:—that if the rate of Mortality assumed in the
calculations be heavier than Select Mortality, then while for
Whole Life and Endowment Assurances the premiums would be
increased on account of such heavier Mortality, the premiums for
Double Endowment Assurances would be diminished. This, of course,
is caused by the fact that the premium for the Endowment portion
of £200 is reduced by the high Mortality, to a greater extent
than the increase in the premium for the Term Assurance of
£100. Office premiums for such benefits should therefore be
calculated by a Table taking a very favourable view of Mortality,
even more so than the Select Tables, if such were available. The
experience of several Offices has been that Endowment Assur-
ances are subject to a lighter Mortality than the other classes of
Policies, and presumably the same feature will be observed, and
that to a greater extent, in the case of Double Endowment Assur-
ances. A Table of such rates will be found very useful in the case
of a proposal on a life whose physical examination may be satis-
factory, but who may have to be rated up for family or personal
history, and who objects to pay the extra premium imposed. In
many such cases the suggestion to place the life in the Double
Endowment Table, without extra, would be satisfactory to all
parties. It will be readily seen, however, that absolutely un-
healthy lives cannot be accepted even in this class; because
a point will be reached in the increase of Mortality when the
Term premium alone will exceed the rate required for the com-
bined benefit in normal circumstances. In granting such Policies,
therefore, while the strictness of the medical examination may be
relaxed, it is necessary to have some reliable evidence to show that
the life proposed does not belong to the absolutely uninsurable class.

The 5 per cent. Debenture Policy is a form of assurance of which
one or two Offices have endeavoured to make a specialty in recent

years; but it is very doubtful if anything like a
satisfactory business has been done under the special
schemes set forth. The Office granting the policy

undertakes to retain the Sum Assured on the death of the policy-
holder, and to pay interest thereon, usually at the rate of 5 per
cent., for an agreed-on period of ten or twenty years (say n years).

1
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c Of course it will be readily understood by members of the Actuarial
Society that an Office can quite well afford to offer 5 per cent.,
6 per cent., or even 10 per cent, for a limited term, if the premium
to cover this interest be calculated on a proper basis. It is open
to question, however, whether Life Offices have been wise in
following the lead of American Companies and placing before the
public such 5 per cent, and 6 per cent. Debenture Policies; because
it is not easy to remove from the minds of ordinary investors, the
idea that the security is in an inverse ratio to the rate of interest,
and he will look upon the 5 per cent., or 6 per cent., as interest
and not as part of the Sum Assured. If a rate of 4 per cent, only
were guaranteed, and an option given to take payment of the
Sum Assured at any time during the n years, then the rates for
such policies would approximate more closely to the ordinary Life
rates, and the scheme might prove more popular.

It is desirable to base any special calculation of this character,
as far as possible, upon the premiums for the usual benefits
granted; and in the case under consideration this may very
readily be done. It is only necessary to fix upon a rate of interest
which may be counted upon as likely to be realised for the period
of n years after the death of the Assured. If this rate be i, and
the rate of interest guaranteed kej, then the premium charged
should be such as will provide the Suni Assured at death and also
the present value at that date of an annuity certain of (j — i),
payable half yearly during the subsequent n years. The formula
may therefore be expressed—

i)a^ (8)

where P' is the special premium required and Px is the
ordinary Office non-profit rate, a(|j being taken at rate I

The principal difficulty lies in fixing the rate to be assumed for i,
and opinions on the subject differ widely, because it involves, not
the ordinary duration of human life, but a further period of n
years, commencing at the time when the Sums Assured usually
become payable. Judging from published premiums, it would
appear as if 3 J per cent, were the rate most frequently made use
of in such calculations. If then the Office can earn 3 | per cent.
on the Sum Assured retained in its possession, the additional
interest of \ per cent.—making 4 per cent, in all—should be
provided out of the premiums paid during the lifetime of the
Assured. All difficulties as to loadings are got rid of by using the
Ordinary Office rate. It should be observed, however, that no
allowance is made for expenses after the death of the Policyholder,
such as the investment of the money, and the half-yearly payment
of interest to the beneficiaries.

Probably the simplest form of the Policy under consideration is
that adopted by one Office which, accepting the usual rate of
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premium, undertakes to pay Z\ per cent, interest on the Sum
Assured for twenty-one years after a claim may arise. This
raises an interesting question as to the reserve which the Office
will make for such Policies, the valuation rate of interest being
3 per cent. only. The guarantee of 3 | per cent, interest, strictly
speaking, requires that the reserve should be considerably greater
than that under the ordinary Policies, although the premium pay-
able in each case is exactly the same. This question is perhaps
passing beyond the scope of the present paper; but it calls atten-
tion to one of the difficulties to be met in the adoption of the
scheme referred to, and indicates that those Offices which have
been strict enough to assume that they will realise 3 per cent,
only after the maturity of the Policy have taken the more prudent
course; and it also points out that the earning of surplus interest
in the early years, can scarcely be looked upon as making provision
for the possibly smaller earning power of money in the future,
unless any surplus interest so earned be not distributed at the
early investigations, but be carefully preserved and set apart.
Moreover, the absence of any provision in the above formula for
the Investment and other expenses, already referred to, makes it
necessary that the rate of interest assumed should be a net rate
to be realised after all such expenses, income-tax, etc., have been
deducted. A full consideration of the subject, therefore, would
point to the conclusion that a rate of Z\ per cent, is too high, and
that not more than 3 per cent, should be assumed.

The rates for such policies, assuming that 3 per cent, interest be
realised while the Sum Assured is retained in possession, and
making use of the Whole Life Non-profit rates recommended by
Dr. Sprague, are as follows:—

10 YEAES.

Age.

20
30
40
50

G% Debenture
Policy.

£2 2 5
2 11 3
3 9 0
4 19 8

5% Debenture
Policy.

£1 19 7
2 7 9
3 4 3
4 12 10

4% Debenture
Policy.

£1 16 8
2 4 3
2 19 6
4 6 1

Whole Life Rate.

£1 13 9
2 0 9
2 14 10
3 19 3

20 YEARS.

Age.

20
30
40
50

6% Debenture
Policy.

£2 8 11
2 19 0
3 19 5
5 14 10

5% Debenture
Policy.

£2 3 10
2 12 11
3 11 3
5 2 11

4% Debenture
Policy.

£1 18 10
2 6 10
3 3 0
4 11 1

Whole Life Rate.

£1 13 9
2 0 9
2 14 10
3 19 3
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The same principle is sometimes also applied to other classes,
such as Endowment Assurance Policies when the rate of interest
(/) is usually guaranteed throughout the remainder of the lifetime
of the policyholder; or the Sum Assured may be payable at the
death of the survivor of a husband and wife, interest thereon
being guaranteed after the death of the husband, during the sur-
vivance of his widow. The above formula readily adapts itself to
meet varying circumstances.

The subject of Survivorship Assurances was fully discussed by
the late Mr. A. W. Sunderland (/. /. A. xxvii. 81), who drew
attention to the great divergence in the rates of
various Offices. He pointed out that not only were ^surarufesP

the Lives Assured select, being medically examined,
but that the counter lives should also be treated as select, because
such were most frequently ladies in comfortable circumstances, life-
tenants of Trust Funds, and also because the persons effecting the
Policies would be unlikely to do so should the life-tenants be in
poor health. Mr. Sunderland, accordingly, adopted a modification
of Sprague's Select Mortality for the Life Assured, and the Govern-
ment Female Annuitants' Experience for the counter life, and
compared the Survivorship premiums thus brought out with those
deduced from the Carlisle and HM Tables. Until within very recent
years, the Carlisle Table was almost invariably used for such calcu-
lations, although the HM Table was adopted by several Offices. Mr.
Sunderland's calculations show that, on the strict basis he assumed,
the HM values come out considerably too small at the principal
insuring ages both for single and annual premiums; but that the
Carlisle values, particularly the annual values, approximate closely
to the basis of comparison, and on the average err on the safe
side. The Tables of pure premiums, prepared in 1851 by Gray
Smith and Orchard, on a Carlisle 3 per cent, basis, were thus
shown to be safe for adoption; and, while it would certainly be
desirable to take selection into account, by making an exact
calculation at one or two of the principal and extreme ages, in the
case of the computation of a complete new table of such premiums,
yet for isolated and special calculations, unless of exceptional
magnitude, the Carlisle Table may still properly be employed.

It will be remembered that the usual formula A\y must be
modified before it can be applied to select values:

whence
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Assurance on x against y and for t years longer.—If, as is usual,
the annual premium for this risk be payable during the joint
lives and until t years after the death of y, and y should die in
the early years of the assurance, a temporary Policy on xs life
for the t years can, if he be still in good health, generally be
obtained at a rate less than the Survivorship premium payable.
Further, the last premium payable would, on an average, after
taking the days of grace into account, carry the assurance for a
period of five months only; and accordingly it would only be
paid in exceptional circumstances, such as the life being in bad
health, or the final period approximating to a full year. 'The
1 Office, therefore, which grants a Policy at the customary annual
6 premium, cannot reckon upon receiving this premium in all cases,
' even although it provides in all cases the assurance for which this
' premium is the proper payment/ The matter is of no great
practical importance except when t=l. In this case the difficulty
can be best met by making the premium payable during the joint
lives only. Mr. Sunderland suggested that the mean of the two

/A1 ~^=z\ /A1 ~=\
premiums ( x:]/itl)) and ( x:y^]) might be charged during the joint

\ &>xy / \&>x:y(t\)/

lives, and a final payment, one-half of such mean, due six months
after the death of y, and this also would be a satisfactory method
of overcoming the difficulty.

Mr. Sunderland gives for decennial ages a ' Table of the
c corrections, to be added to the calculation of annual premiums for
' ordinary Survivorship Insurances, in order to extend the term
' for one year beyond the death of the counter life/ and the
adjusted premiums for individual ages may be obtained by simple
interpolation with quite sufficient accuracy, without the necessity
of making further calculation. Mr. Chatham had formerly
(/. /. A. xxv. 441) published, on an HM 4 per cent, basis, the addi-
tions required to the annual premiums when t = 1, 3, 5, 7 or 10
years, and this Table forms an admirable check upon any calcu-
lation of this nature.

Special Xlontingency Assurances.—It is often desirable, before
making any elaborate calculations, to examine the simple proba-
bilities of the occurrence of the event, omitting the element of
interest entirely, and perhaps in some cases even neglecting any
probability which may be known to be of trifling value. By
this means it will often be found that the premium would work
out at a mere nominal figure, far below what any Office would
dream of charging for the issue of a Policy; and a troublesome
calculation may be avoided. However slight the risk may be, a
Life Office would not care to issue a Policy at a smaller annual
premium than 10s. or 15 s. per cent.

As an example, take the case of an assurance payable in event of
two lives aged 20 and 30 predeceasing a life aged 40 within ten



Office Premiums 267

years. The rough approximate probability by select mortality is

(l-iqft.o])(l-xoftao])='OO8O6

showing a single premium of about 16s. per cent., so that it is
clearly a case for the lowest rate of annual premium which can be
charged. Moreover, the figure above-mentioned is too high, as it
neglects interest and also the possibility of the life aged 40 dying
prior to the death of the last survivor.

In framing premium rates great care must be exercised to see
that the various Tables are consistent with one another. If one
principle be followed throughout the calculations.
f, . , , !-,,, i • P T , 1 . Anomalies.
there is but little chance of anomalous rates being
produced; but if different rules be adopted for different classes of
policies, there is a risk that one table may appear absurd when
compared with another. In addition to the points taken up inci-
dentally throughout these notes, the following may be mentioned
as illustrating the character of the inconsistencies which might
arise:—

(1) The whole life non-profit rate has been known to exceed
the rate for an Endowment Assurance maturing at an
advanced age.

(2) The premium under an increasing premium policy during
the first five years is sometimes smaller than the
corresponding short term rate.

(3) The loading for bonuses may in some cases appear
absurd—more particularly under Endowment Assur-
ances for a short term, when the difference between
the With and Without profit rates should be kept
in view.

(4) The Survivorship Assurance rates (x against y) + {y
against x) should never fall short of—indeed they
should slightly exceed—the Joint Life rate for x and y.

(5) Joint Life and Last Survivor rates taken together
should show a fair agreement with the corresponding
Whole Life rates at the individual ages.
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Extra Premiums.

According to the rules of most Offices, a higher rate of premium
than that charged for normal select risks is exacted should the life
Occupation follow an occupation under which the average life-

and time is short, or should he proceed to an unhealthy
Residence. climate. Thus, it is found necessary to charge an
extra premium varying from 5s. per cent, to 30s. per cent., for
hotelkeepers and publicans, naval and military men, mariners,
miners, and many other small classes, such as stonecutters, steel-
grinders, chemical workers, jockeys, etc.; while some Offices even
subject working bakers, butchers, millers, and other such lives to
an extra premium. These extra rates are to a considerable
extent fixed arbitrarily, or according to certain general Office
rules, and much difference of opinion exists as to the proper
charges. Similarly it will be found that the practice of Offices
varies greatly in the treatment of persons proceeding abroad. It
is now usual, however, to allow free travel and residence after
the policy has been in force for several years; while there seems
also to be a growing tendency to issue world-wide policies from
the commencement, unless it be shown that the life proposed for
assurance actually contemplates residence in a tropical climate.

Female lives are charged higher rates than male by the majority
of Offices, the general practice in Scotland being to impose an

extra of 5s. per cent., removable after the age of 50,
together with a single extra premium of 10s. per

cent, should the life be pregnant for the first time when the
proposal is made. Assurances on female lives appear to be on
the increase, and the proper course would, perhaps, be to calculate
special rates, and treat the class separately for the purpose of
bonus distribution. If Whole Life policies were effected to any
extent, considerable profit might be derived from superior vitality
at the older ages; but if, as would seem probable, Endowment
Assurances formed the popular class of policy, then there would
not be the same scope for profit, as the policies would mature
shortly after the cessation of the Extra Mortality to which female
lives are subject.

When, as the result of the Medical Examination or Family
History, it is found necessary to treat the lives

Lives!UP proposed as under-average, though not to decline
the proposals altogether, there are various ways in

which such are surcharged :—
(1) By adding n years to the age, charging the premium

for age %-\-n.
(2) By adding a fixed sum to the premium payable for the

normal risk.
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(3) By charging the normal premium, but making a tem-
porary deduction from the Sum Assured, such deduction
being either fixed during a certain number of years, or
decreasing year by year until it ultimately vanishes
should the life survive an agreed-on term—usually the
Expectation of Life at the normal age.

(4) When the necessary extra is small, by stipulating that
Bonuses under a With Profits policy shall not vest until
a certain term have been survived, etc.

The first two methods are very similar in results, while the
third s]ias been proposed for those cases (such e.g. as a family
history of consumption) where the proposer may personally con-
sider himself to be a good life, and object to pay any extra. The
late Mr. Sunderland (/. /. A. xxix. 419) treated this question by
equating the premium for the increasing sum assured, at the
rated-up age, with the premium for the level sum assured at the
real age. Thus, if the life were rated up n years, the temporary
decreasing deduction from the sum assured would be got by solving
for X in the following equation :—

Where m = Number of years during which the deduction continues.
X = Amount by which the deduction is decreased each year.

. \ mX = Initial deduction.
e and b = Loadings for expenses and bonuses respectively. They are put

in this form in order that such specially surcharged cases
may be properly dealt with in Bonus Distribution.

For practical purposes it may be assumed that the loadings for
expenses and bonuses are the same at ages x and x+n, when the
formula works out:—

mTrx+n—
x+n—1

If the deduction be a fixed amount during the period of m years
the following is applicable :—

• 7T/y

7
x+n: m\

An erroneous method, sometimes adopted for a similar case, is to
find the sum assured for which the normal premium would pay at
the rated-up age, and treat this as the restricted sum assured
during the Expectation period. If the deduction were continued
during the whole currency of the policy the method would of
course be correct; and Mr. Day pointed out that a rough approxi-
mation to correct results would be obtained by increasing the
deduction by one-third to allow for its being removable should
the Expectation be survived.

VOL. IV. R
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Mr. G. F. Hardy (/. I. A. xxxii. 153) also discussed this ques-
tion on the following assumptions :—

1st, That the extra mortality is confined to the period during
which the sum assured is ' restricted—the life being
thereafter assumed normal.

2nd, That the extra risk is so distributed that the Eeserve
Value of the policy equals that of a corresponding
normal policy.

On these assumptions the following equation will hold :—

where t=number of years the policy has been in force.

Mr. Hardy then proceeded to find the number of years' rating,
corresponding to certain assumed values of X, by first computing
the values of q'x+t for all values of t up to t=m, and then calcu-
lating the annuity value a'x=ax+n, from which n the number of
years' extra rating was found. By an extensive use of interpola-
tion the work was much reduced.

The results deduced by Mr. Hardy agreed fairly well with those
of Mr. Sunderland, and both pointed to the fact that the rough
methods frequently adopted bring out inadequate deductions.
The tables which they publish are useful when any question of
the kind arises. The general conclusion seems to be that this
method of rating is unsatisfactory, because the initial deduction is
very heavy, even when only 3 or 5 years are added to the age;
while for a life heavily rated, the requisite deduction might exceed
the sum assured.

Under a joint life policy, when one of the lives is subject to
Extra Mortality on account of occupation, residence, or sex, it is

usual simply to add the extra premium necessaryExtra rating « , .x *\ ,.c , ,. L . - , ! - / .
for Joint Life f o r t h e single life, to the ordinary joint life rate,
and Last and it may be shown by exact calculation that this
Survivor j s approximately correct. Under a last survivor

policy, however, this addition would be too great,
and for such cases the following practical method is found to
give a good approximation :—

Assume that one of the lives (y) incurs extra risk which
would be covered under a single life policy by an
addition of 5s. per cent.

Find age (z) where Py+'0025 = P2, and charge the last
survivor premium Prz.

This rule gives very fair results when tested by the more exact
methods after-mentioned.
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A Hypothetical Table of Mortality was formed by Mr. Eyan
(/. / . A, xxiv. 19) by adding #01 to irx (H

M 3 per cent.) at each age,
and deducing the rate of mortality corresponding. He showed
by actual calculation (/, / . A. xxiv. 307) that if 5s., 10s., and 20s.
respectively be added to the HM premium, and the rates of mor-
tality deduced (written qx

002\ qx
005 and qx

01), the following
relations hold:—

ol
qx); or qx

OO25 = qx+'25(qx
ol-qx)

qx
ol=qx+2(qx

OO5-qx); ov qx
OO5 = qx+-5(qx

ol-qx);

and from these equations it may be assumed that

qx
0E=qx+E{qx"-qx\

where E represents the uniform addition to the annual premium.
Joint Life annuities giving effect to the extra mortality were then
calculated, premiums were deduced from them, and the Extra
Premiums obtained as follows:—

Hex {one life (e) being exposed to extra risk}=E(Pex—Pxy)
Eef {both lives exposed to extra risk}=i?(Pe/ —Pxy).

These Extras were found to agree closely with those deduced
by the approximate method above mentioned.

The Hypothetical Mortality Table may be put to several other
uses, such as finding the Extra under a Contingent Assurance when
the Life Assured goes abroad, or investigating from the experience
of an Office whether an extra rate, climatic or otherwise, has been
adequate, by bearing in mind the relationship

The table referred to brought out an addition to the rate of
mortality nearly uniform throughout life; and it is interesting to
note that the late Mr. Makeham had formerly discussed the
question of Extra mortality by assuming a constant addition to
the force of mortality. The Extra required for an addition of
'01 to the force of mortality might be found from the formula

where it would be sufficiently accurate in practice.to take o!x at
a rate of interest 1 per cent, higher than is used for a#. Under
joint life policies where one life only is exposed to extra risk,
the corresponding annuities should be inserted in the formula;
while, if both lives be so exposed, B,'xy should be taken at a rate
of interest 2 per cent, higher than that for &Xy

When a policy has been in force for a number of years, and
an extra premium at a certain rate per cent., becomes exigible,
this percentage should properly be charged upon the difference
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between the sum assured and the reserve value of the policy,
this being the true sum at risk. Further, Mr. R. P. Hardy has
pointed out (JJ.A. xxiv. 320) that, in the case of a Last Survivor
Policy, the extra premium should be levied upon the sum by
which the reserve would have to be increased on the failure of
the life undergoing the extra risk.

The addition to an Endowment Assurance premium should in
most circumstances be somewhat less than the corresponding
Rated-up addition to a Whole Life premium, because of the
Endowment distinct double benefit, the extra risk under the
Assurances, term assurance being partly met by the diminished
risk under the pure Endowment. If, therefore, an extra of 5
years be found necessary to a life aged 30, the addition to a
Whole Life Policy would be about 6s. per cent., while the corre-
sponding addition to an Endowment Assurance Policy of 30
years would only be about 3s. per cent. If the Endowment
Assurance be expressed as payable at age 60, the surcharged
premium would be found by assuming the life to be 35, and the
sum assured to be payable at 65. In practice different methods
are adopted in the treatment of such policies, and some offices
add to the Endowment Assurance normal rate the cash extra
which would be payable under a whole-life policy.

In some cases, however, a proposal may be accepted at ordinary
rates under an Endowment Assurance Policy, although an extra
may be necessary under a Whole Life Policy—where, for example,
the reason for the extra is a family history of gout, affecting only
the later years of life, while the Endowment Assurance matures
at a comparatively early age. On the other hand, if the extra
risk falls entirely in the first few years of the assurance, then a
larger addition is almost necessary, because when the extra risk
has been passed the additional premium continues payable under
a Whole Life Policy for a much longer period than under an
Endowment Assurance. Generally, therefore, it may be said that
the rating vp of Endowment Assurances depends upon the incidence of
the Extra Mortality.
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Children's
Endowments.

Policies for Children.

Assurances on the lives of children are sometimes effected when
there exists a pecuniary interest in the child's life. At very
young ages it is necessary to charge a decreasing premium for a
whole life or term assurance, because the rate of mortality—great
in the early years—decreases rapidly, with the result that the
level premium would not meet the risk during the first year
or two.

As an Endowment is not dependent upon death, such Policies
may be effected without any pecuniary interest, and this has
become a very usual form of transaction, entered into
by parents for the benefit of their children. The
premiums, if non-returnable in event of the child
dying before attaining the specified age (say 21), are, like Double
Endowment Assurance premiums, higher with a light than with a
heavy mortality, and accordingly it is the usual practice to employ
a Table showing favourable mortality, such as that deduced from
the experience of the children of the peerage. To make use of a
Table based upon the experience of the general population would
be entirely erroneous, because all classes are included in such
statistics ; and, further, there is a decided selection exercised against
the Office, such Endowments being purchased only on the lives of
the healthiest of children. It is questionable, therefore, if even
the Peerage Tables go quite far enough in this direction; for,
while the class from which the statistics have been taken is doubt-
less properly chosen, the further element of selection has an effect
upon the mortality. It should be noted that when the Endow-
ment period* runs for n years, and not up to a fixed age, the
calculations should properly be made according to the age last
birthday, otherwise a slight benefit is given to the proposer. The
matter is, however, of little practical importance; because pure
Endowments of this nature are not at all popular, the returnable
premium system being almost invariably chosen.

When the premiums are returnable, the exact rates may be
calculated by means of a formula derived from the following
equation, where TT^ represents the net premium to be found,
and P'J^ is the same expression loaded:—

77 xnfoxnl = *Px + * xn\^xni •

But it is scarcely worth while to introduce the element of
mortality. All that the Office can gain should the child die
before attaining age 21 is the interest on the net premiums
received; while out of this interest the expenses have to be met
the premiums being usually refunded in full. If mortality be left
out of account, the question becomes 'what annual premium
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payable in advance will, after deducting expenses, amount to
£100 in n years.' Under this class of policy the expenses are
usually light, the agent's commission being about 5 per cent, on
the premiums; and if the modified loadings of 2s. 6d. constant,
plus 5 per cent., be allowed for; it will be found that to produce
reasonable competitive rates it would be necessary to assume 3f
per cent, interest in the calculation. The Office retains any slight
profit which may arise from surplus interest in those cases, small
in number, where premiums fall to be refunded; and, further,
Life Offices look upon such Policies as desirable, because of the
possibility of the recipient of the Endowment taking out an ordi-
nary Life Assurance Policy, or an Endowment Assurance, when
the money comes to be paid. The formula suggested above would
of course be written:—

whence P a = ^ - ^ + - 0 0 1 2 5 } . (9)

It is sometimes, arranged that the premiums, returnable on the
death of the child, should cease in event of the death of the
person (y) entering into the transaction, who would in such case
undergo a medical examination. The theoretic premium might
be arrived at by equating the Benefit and Payment as follows :—

Benefit = ^

The mortality affecting x might, however, be neglected, and the
question viewed thus :—

The premium for an ordinary Endowment, with return, would
be P-l9 the prospective value of all the premiums being
P-a,7;. The same value should be paid during the life-
time of (y), and accordingly the premium for the special
benefit would be

P=P-^L_. (10)
<*V:n\

This approximation gives rates erring slightly in favour of the
Office on account of the premiums being, on the average, paid in
a shorter period, so that more interest may be earned during
the n years.

An Endowment does not appear to be viewed by the Inland
Kevenue authorities as a ' Policy of Assurance/ as the adjudicated
stamp-duty required is only 6d., whatever the amount of the
Endowment may be—i.e. an ordinary agreement stamp.
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Another form of Policy sometimes effected for the benefit of
children is the Deferred Assurance, with return of the premiums
paid if death take place before the benefit falls to be Deferred
entered upon. It would seem to be unlikely that this Assurances
form of Assurance will ever become really popular, for Children,
because it means that the person effecting it is making provision,
not for his own child as under the Endowment, but for the heirs
or assignees of such child whoever they may be. The Assurance
usually commences at age 2 1 ; and, as the premiums for the pre-
ceding years are accumulated, it follows that the rate per cent, is
very low, and that the Office enters upon the risk with a con-
siderable reserve value in hand. Sometimes a medical examination
of the child is required, but generally this is dispensed with,
although in the latter case it would appear as if a certain amount
of selection might be exercised. If the age at entry be x and the
age at which the risk commences be x-\-n, then the difference in
value between the ordinary premium for age x + n and the special
rate charged under this class of Policy, must remain in hand when
the risk commences. Neglecting mortality therefore during the
n years, as suggested for the Endowment calculation, the special
premium F may be found as follows, the loadings being the same
as in formula (9) :—

whence F = ^ H « + _ M 1 2 5 ( l ± » ) « g

As the premium Px+n represents the ordinary Office rate, it
follows that the life is, in the above formula, assumed to be
healthy when the assurance is entered upon. As this assumption
is incorrect, there should properly be added to the numerator of
the equation the quantity {fr[aJ]+n—7r[a.+n]}a[a;]+n- This addition
is somewhat greater than is theoretically necessary, because, as
already mentioned, a considerable reserve value is held when the
assurance commences, and the risk entered upon is only the
difference between the sum assured and the reserve value.
The excess may, however, be looked upon as loading to what
would otherwise be a net addition, and the formula taken for
practical purposes:—

The above formula, being based upon the -Office premiums for
the usual benefits, lends itself very readily to modifications for
Limited Payment and Endowment Assurance Policies, and also
for Assurances ' With Profits/ when, of course, the bonuses would
accrue from the date of commencement of risk.
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Options.

It is not at all an unusual form of transaction for a Company
to undertake to issue a Policy to a person (x) a number of years

(n) hence at the ordinary rate of premium for his
then age, whatever may be the state of his health
at that time. Dr. Sprague investigated this risk

(/. /. A. vol. xxii.), basing the inquiry upon Annuities and Eeserve
Values, and brought out the pure single premium as

and the Annual Premium as
(uD)x+n .

where u indicates that the symbol following is dependent upon an
average unhealthy life. He then remarked regarding the Option
by Annual Premium : c It must be borne in mind, however, that
' if the Company agree to accept this annual premium in considera-
' tion of undertaking the risk supposed, and the Assured retains
c the usual right of dropping the Policy, he will be able to exercise
i an Option which has not entered into the calculation; and the
' Company, therefore, could not agree to accept this annual premium
' unless it were in some way protected against the risk of this
1 Option being exercised to its disadvantage. Such protection
' would be obtained by making the Option annual premium an
' addition to the ordinary premium for the ordinary Policy/

Single and annual premiums for the foregoing Option may,
however, be deduced in a much more simple and'direct manner
as follows :—

The premium which a select life presently aged (x) should,
on the average, pay at age x + n for this Deferred Assur-
d i l v u J.O * • • • . Vi fv>*i j v\.

The premium he will actually be required to ~ pay is
only . . . . . 7rp+n]m

The present Value of the difference between these premiums
is evidently the sum which the Office should charge for
the risk run, i.e.:—

D x

which, on being simplified, may be written thus:— '?

J) '
This is a simple formula, very convenient for purposes of cal-

culation, and it may easily be demonstrated as another form of
that given by Dr. Sprague.
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The following table gives the Single Option Premiums, per
£100, at 3 | per cent, interest, deduced from Sprague's Select
Tables, and also from King's Analysed Tables:—

No. of
Years

n

1
3
5

• 7
10
15
20
25

Age 30.

Sprague's
Tables.

•408
•699
•778
•758
•630
•667
•730
•643

King's
Tables.

1-627

1-491
•616

1-479
•881

Age 40.

Sprague's
Tables.

•503
•896

1043
1133
1142
1-005

•920
•805

King's
Tables.

•404

2'218
1-400
1-782
2-403

n

1
3
5
7

10
15
20
25

It will be observed that the results are exceedingly irregular,
and that, according to King's Tables, considerably higher rates
are found necessary than those deduced from Sprague's Tables.
One would expect that the rate would increase to a maximum
with the increase in the value of n9 and thereafter gradually
diminish to zero because of the two forces—deterioration and
probability of death during the n years—acting in contrary
directions; and indications of this feature are not wanting in
the foregoing Table. The Select Values deduced by Dr. Sprague,
and joined to the HM(5) values usually after three or four years, can-
not be upheld as constituting a good basis for such calculations;
because there can be no doubt but that the effects of selection
endure for a much longer period. The method of construction
of King's Tables would appear to be more suitable; but, on the
other hand, their graduation is defective. One is forced to the
conclusion that existing Tables are not sufficiently accurate for
refined calculations of this nature, and that they only give general
guidance towards the premiums which should be charged—very
large margins being necessary.

Another form of the foregoing Option is contained in the
Increasing Premium Policies now granted by almost all Offices.
The premium for such an Assurance during the early increasing
years should, in addition to the usual term rate, in- Premium
elude the annual payment required to cover the Policy-
option of effecting an assurance at ordinary rates at the time the
increased premium becomes payable. The requisite annual addi-
tions to the five-year term rates, per £100 assured, in order to
arrive at IP#, are as follows :—
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Age.

20
30
40
50

Sprague's Tables.
8*7.

•158
•169
•227
•358

King's Tables.
8*7.

•349
•367
•088
•433

Under this class of Policy the Option seems to be very gener-
ally exercised, as only a small fraction of the policies enter upon
their sixth year. I t must also be seen that the increased premium
does not exceed the normal rate for the ordinary Assurance at age
a + 5 ; otherwise the holder, if in good health, would have the
option to drop the Policy, and secure the same benefit at a lower
rate of premium,

It sometimes happens in connection with reversionary transac-
Option to (x) tions, that it is desirable to have the Option to effect
on death ot(y). a Policy on (x)'s life on the death of (y). Considering
the case of (y) dying in the nth. year, the single premium required
at the date of acquiring the Option would, as already given, be

The probability of (y) dying in the nth year is (»_i%] — nPm), and
accordingly the Option premium for the nth year would be

(14)
7 ) V71'
JJ[x]

The sum of this expression for all values of n will give the pure
single premium required. This formula is not strictly correct,
because it assumes that the Option is exercised at the end of the
year in which (y) may die, but the difference in value must be
trifling. It would, however, seem to be unnecessary even to
make an elaborate calculation of this nature. It will be observed
from the Table on the preceding page that the Option premiums are
small for the first year, considerably greater for a three years' period,
remaining roughly constant for the periods of three, five, and ten
years, showing a tendency to decrease with the extension of the
term. If, therefore, the expectation of life of (y) be taken, which
in almost every case will exceed three years, and the above
premium be calculated for such expectation treated as a fixed
term, a sufficient approximation to the rate will be obtained.

Another Option benefit granted in a more or less complete
form by the majority of Offices, is contained in the guaranteed
Option to Paid-up Policy arrangements (or non-forfeitable
take Paid-up Policies as they are sometimes called), where a
Policy. Paid-up Policy is issued, for that proportion of the
Sum Assured which the number of premiums paid bears to the
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total number payable. This question was investigated many
years ago (J.LA. xiv. 476, and xv. 151), and a formula given
which took account of the probabilities of the various premiums
being paid; but it is very evident that the option held by the
Policyholder to continue his Policy for the larger or smaller
amount is of greater consequence than the mere average pro-
bability of the premium being paid. If net premiums only are
brought into the calculation, the difference between the reserve
values of the.full and reduced Policies forms the Option premium
received by the Office. Taking, for illustration, the case of a
Policy for £100 with premiums limited to 20 payments, effected
at age 30, the following Table shows the position of matters after
5, 10, and 15 years, assuming Sprague's Select Tables with 3 | per
cent, interest to be adopted throughout:—

After 5 years,
,, 10 „
» 15 „

(1)
Reserve of

Full Policy.
(Select.)

9-543
21-105
35-017

(2)
Reserve of

Reduced Policy.
(Select.)

9-576
21-140
35-095

(3)

A
{(l)-(2)}

— 033
— 035
— •078

(4)

Option
Premium.*

•584
•315
•167

(5)

Deficiency
{(3)-(4)}

•617
•350
•245

* The Option premiums inserted here are f, J, and J respectively of the
corresponding rates given on page 277 ; but a better idea of the loss
to the Office through the exercise of the Option might be obtained
by considering the matter thus :—

After five years the value of the contribution
from a healthy life continuing the Policy
WOUld b e =207r[30]a[35]:l5|

The contribution from an average life would
be on ly = 207r[30]a35:il|

The difference between the two is evidently
the loss to the Office through the healthy
life dropping his Policy . . . . =ao^«)]{a[S5]:i6| — a35:i5|}

Viewed thus, the loss to the Office works out at 1*1, 1*8, and #5 after
5, 10, and 15 years respectively.

The above Table gives, however, an exaggerated importance to
the question, because it assumes that the healthy lives will take
advantage of the Option and drop their Policies, effecting others
or not according as their circumstances may require, while we
know that the reason for such an alteration is much more
frequently the inability of the holder to pay the premiums; so
that the subject of health does not enter into the question to any
appreciable extent. It will be observed, however, that the
Paid-up Policy reserve, without taking any account of the Option,
is greater than the reserve for the full Policy, so that the Office
retains a larger reserve, while losing the benefit of any contribution
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towards expenses from the Policy in the future, and this is
certainly giving too great facilities to the Lives Assured for what
may almost be termed ' breach of contract/ Indeed, according to
the rules and rates of several Offices, it is more advantageous for
a Policyholder to drop the one Policy and take out a new one
than to continue his existing Policy, as the following example,
taken from the prospectus of a Company, will show :—

Take the case of an Agent effecting a Policy for £1000 by 20
payments on his own life at age 20, Without Profits.

The premium he would be required to pay for the full amount
according to the published rates of the Office referred to = £24 10 10

After 5 years he can take a Paid-up Policy for £250, and
assure for the balance of £750 by 15 payments for a
premium of . . . . . . . . 23 3 2

After 5 more years he can do likewise, and the premium
he has to pay is 22 8 4

Do. do. do 21 16 11

The total sum payable in premiums under the Policy originally
effected would have been £490, 16s. 8d.; but the same Assurance
may be obtained at a total cost of £459, 16s. 3d., a saving by
taking advantage of the Option, of £31 on the £1000 Policy.
Moreover, as an Agent, he will have drawn his large initial com-
mission on four different Policies for an aggregate sum of £2500,
a further gain of nearly £15. Policyholders and Agents may not
observe such features readily, as they have, by the wise foresight
of our predecessors, been impressed with the idea that any breach
of contract on their part by omission to pay premiums, will, in
all circumstances, lead to considerable pecuniary loss; yet it is
apparent that in the above hypothetical case a large gain may
result from the dropping of the various Policies. Some Actuaries
of the present day advocate strongly the giving of full values to
Policyholders on withdrawal; but it would seem as if, in certain
circumstances, Offices give greater benefits to those withdrawing
than to those remaining—a condition of matters which should
scarcely be.

This guaranteed Paid-up Policy can only be granted under
limited payment assurances, with equity to other Policyholders,
when effected With Profits, and some restriction is placed upon the
participation of the reduced Policy. The practice of Offices differs
considerably in this respect: some add the full Bonus declared
and allow the reduced Policy to participate in full; others add
only a proportion of the declared Bonuses, but allow the reduced
Policy to continue participating; while some only add a propor-
tion of the Bonus declared and make the paid-up assurance non-
participating for the future, and they would seem justified in
adopting this strict practice. Offices which allow these guaranteed
Paid-up Policies to the full extent may of course argue that their
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premiums are so calculated as to allow for the Option; but, if the
premiums should be so calculated, then it must be borne in mind
that the portion of the premium applicable to the Option must not
be distributed as Profit, but must be carefully carried forward
from Valuation to Valuation, and this would cause an unreasonable
amount of trouble.

Under Endowments and Endowment Assurances, Paid-up
Policies may be guaranteed without the same objectionable fea-
tures, there being a considerable margin between the value of the
full Policy and the value of the paid-up portion, as is shown by
the following Tables, applicable to Endowment Assurances of 20
years by Sprague's Select Tables, at Z\ per cent, interest:—

After 5 years, .
„ 10 „

Age 30 at Entry.

Select
Value of

Full
Policy.

17*633
39 356
66*277

Select
Value of
Paicl-Up
Policy.

15-521
36-041
63-356

Difference
(l)-(2).

2-112
3315
2-921

Age 40 at Entry.

Select
Value of

Full
Policy.

17-741
39 126
65-760

Select
Value of
Paid-up
Policy.

15-794
36-374
63-503

Difference
(l)-(2).

1-947
2-752
2-257

Reference has already been made to the Option possessed by
the holder of a term assurance to drop his Policy time after time
should he continue in good health, and always benefit option to
by obtaining the same assurance for the reduced term drop Term
at a lower rate of premium. This, which is a feature Policy-
of all well-calculated term rates, is caused by the fact that the
shortening of the term has a greater effect upon the mortality
than the increase in age of the life. The following method of
calculating Short Term rates, allowing for this Option, will be
readily understood; the assumption being made that all the
Policyholders whose health may have deteriorated will retain
their existing assurances, while all those who may still be select
at the end of each year will drop their present Policies and effect
new assurances for the reduced term at a lower rate of premium.

Taking first the simplest case of a two years' Short Term rate
in order to find ir^ •% (the pure premium allowing for this Option)
we should have :—

Benefit £&e=Mm~Mm+*.

This, being the present value of the benefit in any event supplied,
is accordingly also the present value of the payments which the
Office must in any event receive.
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Payment side=7r'[:

Options

-% • v _ . „ . 4jj±B.

Whence ^ =

It will be at once apparent that for a longer term it is only
necessary to make allowance for the Option after one year, because
should the life re-enter he will pay the properly calculated
premium for the balance of the term, and this new premium
allows for the Option at the end of the subsequent year, and so
on. For n years, therefore, the Term Assurance may be cal-
culated thus :—

Benefit =
Mm—Mw+n

whence r i in =
C ]

/i K \

(15)

This formula is the same as that given by Dr. Sprague (/. /. A.
xxii. 437), which was deduced from different assumptions; and it
must be borne in mind that the formula only gives the sum below
which the premium calculated in the ordinary way should not fall.
For a long term the customary premium TT^J-, will be found
to exceed TT'^-,, when of course the former should be made
use of—the pure reserve value of the term assurance being
in such cases sufficient to cover the Option. The Option has there-
fore greatest force in Policies of short duration, as will be seen
from the following table of the differences between the ordinary
term pure premium, and the pure premium calculated by the fore-
going formula, i.e. TT'̂  S — T T ^ :—

Ai^e.

20
30
40
50

~! 1 _ - 1 _

3 Year

*.
4
3
3
4

(Sprague's Tables, 3 |

Term.

d.
10
1
0
1

5 Year

8.

4
2
2
3

Term.

rf.
3
2
8
6

per cent.)

7

•

Year

3
0
1
0

Term.

d.
6

11
0
5
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There is yet another element in the calculation which is not
allowed for, viz.:—that some of the lives who may be unhealthy
at the end of the first year, are likely to regain their health, and
thus be able to take advantage of the reduced rate at the end of
the subsequent year, and so on; r but this. is a matter which in
a general way is provided for by the method of construction of
the select tables.

It will observed that for all values of n over 5, 7r\l]n\ becomes

, a constant quantity for each age at entry; but the[a?]"" ^
SfwMw]
fault lies in the assumption made in the Mortality Table that the
effect of selection passes away in five years. For this assumption
to be accurate it is necessary that all those whose health deteriorates
in any year must, as Dr. Sprague assumes in the investigation
already referred to, die within five years of such deterioration,
and this is quite inconsistent with fact. For such questions to
be answered properly, Mortality Tables running strictly according
to policy years, and tracing the entrants at each age separately to
their destination, would be necessary; and, as already explained,
any calculations based on existing tables only yield general
guidance towards the option values.

k'
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Policies Effected with Profits.

Many actuaries have deplored the system of granting Policies
at rates higher that those required to meet the risk run and the
General expenses, and of thereafter returning the surplus to
Remarks. the Policyholders; but Bonuses have become popular
and the demand must be met by Life Offices. There is, how-
ever, more to be said of Bonuses than that they meet a public want.
Several Life Offices at the present day owe their existence to the
system, for the Bonus margin has enabled such Offices to meet
unexpected difficulties, whereas had the Premiums been at non-
profit rates, the Office would have been hopelessly insolvent. In
the case of Without Profit Policies the Sums Assured are guaran-
teed to a certain extent by the With Profit Policyliolders, who
pay more in Premiums for the opportunity of receiving Bonuses.
Should the downward tendency in the rate of interest continue,
the time may not be very far distant when non-profit rates may
have to be calculated at 3 per cent, interest; and this would
mean that existing premiums could not bear the existing expense
rate, so that the Without Profit business would form a drag
upon the Office. Undoubtedly the soundest and wisest course
is to have, for With Profit Policies, rates of premium which will
enable an office to bear any strain of this kind, or to restrict the
basis of valuation in the future, should this be necessary. If
no such strain arise, then large Bonuses will be the result, satis-
factory to the public and to all concerned.

When rates for With Profit Policies are required, the problems
become much more complex than for Without Profit Assurances;
because the Policyholders then take the place of partners in the
business—the only partners in the case of a Mutual Office, and
largely interested members in the case of a Proprietary Office.
The benefits under With Profit Policies should therefore be
equitable under all classes, so that one class of Policyholder can
have no reason to say that another class is receiving an undue
proportion of the surplus. It is the actuary's duty to see that the
various classes of With Profit Policies are placed upon equal terms,
and this is a matter of considerable difficulty. In order to over-
come it, a number of offices have adopted a modified form of the
contribution method of distribution, which, by allocating the
surplus according to the source from which it is derived, enables
them to mete out at least a rough form of justice to the various
classes of Policyholders. The methods adopted by the offices of
distributing their surpluses are very varied, but nevertheless With
Profit Premiums should be consistent with whatever method may
be followed. For the three most common methods of distribution
the following formulas are suitable, where it will be observed that'
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after making a moderate allowance for expenses, the value of a
certain assumed rate of Bonus is added. Under such Policies a
' margin for fluctuation' is not necessary, because the Bonus load-
ing may be looked upon as making allowance for this factor.

(a) Constant Cash Bonus as "percentage (<£ per unit) on
Office Premiums paid since last investigation—

p — 1-05 •01 + •00125

Reversionary Bonus of b per unit for each premium paid
during the quinquennium, constant for all ages and all
durations of Policy, with Interim Bonus at same rate
after first five years :—

where *s,,-
I—l \J L—J

(c) Reversionary Bonus calculated upon Sum Assured and
previous Bonuses (Compound Reversionary Bonus), with
Interim Bonus at the same rate after first five years :—

where ir'\X]=
1

m

F —'

x

+•00125}
J

M M ) ( ) ( M + M +
(l+5b)\M[x]+10-M[x]±15)+etc.( =
Assured and Declared Bonuses.)

b(l 5b)(BB M- 5M[
[x]+10b(l+5by(B[x]+10-B[x]+15-5M[x]+15) +

etc.( = Interim Bonuses.)
The calculations should in all cases be made at a rate of interest

which the Office has a fair prospect of realising in the future; and
that rate should certainly not be lower, as is sometimes said, than
the rate employed for non-profit business, except perhaps in the
one case of an office distributing according to the contribution
plan. The method of valuation adopted by an office may have
the effect of entirely distorting Bonus results, even when the
premiums have been loaded to provide certain fixed additions as
above indicated; but to enter fully upon this part of the subject
would lead quite away from the title of the present paper, and
perhaps it is sufficient merely to call attention to the danger.

Mr. G. F. Hardy (/. /. A. xxxi. 261) discussed the subject of
6 the Use of Scales of Premiums reduced in anticipation of future
Bonuses,' and pointed out that the adoption of such Premiums
tables had become common in recent years, and that
their use involves the consideration of such points Bonuses!

as:
(1) The Basis upon which the reductions should be computed ;
(2) The Reserves attaching to the Policies;

VOL. IV.
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(3) The course to be adopted when the profits exceed or fall
short of the anticipated amount; and,

(4) The manner in which the calculations are affected by
changes in the rates of interest and mortality.

The Premium rates should, as the title of the paper implies, be
based upon the Full Profit rates of the Office, from which the
value of the Bonus anticipated should form a deduction. It was
pointed out that the greater the rate of interest assumed in com-
puting the annual reduction, the smaller would be such reduction,
and accordingly the rate employed should not be less than that
earned by the Office upon its funds—say i\ per cent, or the rate
at which the Office is willing to grant policy loans. On the same
principle the Table of Mortality adopted should be Select, or
should at least give a somewhat more favourable rate of Mortality
than the average experience of the Office.

If a Constant'Gash Bonus be anticipated, and if Interim Bonuses
are given, the reductions of premium become merely loans at
interest repayable out of the Bonus when declared; or, in event
of death, out of the Interim Bonuses. If, however, the Cash
Bonuses be payable at the end of the 5th, 10th, etc., policy years,
with no Interim Bonuses, and the proportion anticipated be KPX,
the value of these bonuses may be represented by the series:—
: j5Dx+6+5Dx+1o+etc.\
; ! \ •'-'X '

The annual reduction will accordingly be
KFX (5Dx+5+5Dx+10+etc. \

or, approximately

the last expression being got by the ingenious assumption that
5Dx+5=Dx+z+Dx+i + Dx+6+Dx+*+D»+i} etc.

If Bonuses be declared as Simple Reversionary Additions to the
Sum Assured, then if no Interim Bonuses are payable, and 6?= the
annual rate of reversionary bonus anticipated, the reduction of
premium will be given by the formula :—

5b(Mx+B+Mx+10+etc.)
1 } l X - 1

while the additional reduction, in event of an Interim Bonus of
V per annum after the first five years, would be:—

Considerable difference of opinion seemed to exist as to whether
'Compound Reversionary Additions (the formulas for which are also
given by Mr. Hardy) could legitimately be anticipated, the ground



Policies Effected with Profits 287

of objection being that, as the Bonuses do not remain attached to
the Policy, they cannot; be said to earn c bonus on bonus.7 Such
Compound Bonuses are most frequently earned from surplus
interests; and if the reductions are computed by assuming a high
rate of interest and light mortality, surely ample provision is thus
made for the compounding of Bonuses, so that Policyholders have
a fair claim to the equivalent of the larger benefit to which they
would be entitled if they chose to enter the Full Profit class.

When such reduced scales of premiums are adopted, it is usual
to reserve to the Office the right to increase the annual Premium,
or to restrict the Sum Assured, in event of the declared rate of
bonus falling short of the rate anticipated; while, if the declared
rate exceed that anticipated, the Policyholders get the benefit.
The rates of Eeversionary Bonus anticipated in practice run from
£1 to £2 per cent, per annum, so that there is a likelihood of
there being Additional Bonuses in some cases, and a probability
of Defective Bonuses in others. Mr. Hardy recommends that
Additional Bonuses^ should be allotted according to the ordinary
method adopted by the Company; but indicates that the Sum
Assured is the only convenient function on which to operate
should the Declared Bonus prove defective. If the Bonuses should
continue defective for many years, a serious decrease in th_e Sum
Assured might result; and it would therefore seem to be judicious
to leave a considerable margin between the rate of bonus
anticipated and the rate likely to be declared, so as to avoid the
possibility of disappointment and distress amongst Policyholders
in the future.



Changes in Policies.

After a Policy has been in force for some years, the Office may
be requested to transfer it to another class and to adjust the
General premium accordingly. Should the change involve
Principles. the payment of a larger premium during a shorter
term, it must be assumed that the Policyholder is in good health,
and, in his own interest, wishes to avoid the necessity for pay-
ments in the later years of life. If, on the other hand, he wishes
to pay a smaller Premium over a longer term, the Office should
insist on having some evidence of his good health, although it
may be unnecessary to obtain a formal medical report in all such
cases, because a reliable agent may be fully acquainted with the
circumstances, and may give a satisfactory certificate. If, for
example, the holder of an ordinary Whole Life Policy should
desire to restrict the payment of premiums to m years, the change
may be effected on payment during the shorter term of the

premium, x [g+*3, where x+n represents the age (frequently taken
3i[X+n\:m\

last birthday) at the date of change.
The change most commonly desired is that from a Whole Life

Whole Life to Policy to an Endowment Assurance; and a full dis-
Endowment ' cussion of this section will probably indicate clearly
Assurance. ^e pOints to be kept in view when such alterations
are being made. Suppose that the Whole Life Policy was effected
at age x, that it has been in force for n years, the next Premium
being just due, and that the request is made to alter it into an
Endowment Assurance payable at age x-\-n-\-m. In the case of
a Policy without profits, there are three ways in which the altera-
tion may be effected :—

First. Accumulate at interest, the difference between the
premium the Policyholder would have paid for an
Endowment Assurance for n + m years at age x, and
the premium actually paid; and charge this amount
either (a) as a single payment, the future annual
premium being Px.^\} or (b) spread over ttte remaining
duration of the policy.

(a) (Px S+=F -

*>X+n:m\

_ , F u t u r e A n n u a l l

~ t Premium }•

It is often difficult to convince a Policyholder that this method
is unfair to the Office. As explained earlier in these notes, the
risk which an Office runs, and which must be paid for year by

M.
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year, is not the sum assured, but the sum assured less the Reserve
value. The risk under a Whole Life Policy therefore differs
materially from that under an Endowment Assurance, because
the reserve in the latter case is, from the commencement, greater.
Accordingly there is a smaller sum taken out of the Endowment
Assurance premium each year to meet curfent risk, and after
a few years the difference thus caused by the greater risk incurred
under Whole Life Policies, is considerable, and the payment of the
accumulated difference between the premiums becomes inadequate.
If, however, a rate of 5 per cent, be charged for accumulation, it
will be found that the method may safely be followed during the
first eight or ten years in which the Whole Life Policy has been
in force.

Second. Charge the Office Premium for an Endowment
Assurance of m years at the present age, less the
Reserve Value of the Whole Life Policy spread over
the duration of the new assurance, i.e. charge an annual
premium of

n x

Under this method the Office makes a distinct profit, because
expenses in connection with (1) Medical Examination, (2) Initial

Commission, and (3) Renewal Commission on the quantity n x

are not incurred, although all these items are provided for in the
premium, Px+n:m\9 introduced into the formula. The method
therefore deals somewhat strictly with Policyholders, though it
may be argued that the Office is entitled to compensation for the
additional trouble.

Third. When the change is effected, the Whole Life,Policy
Reserve must be augmented to make it equal the
Reserve for an Endowment Assurance taken out at
the same age. The difference between the two reserve
values should therefore be paid by the Policyholder,
either in the form of a single payment, or as an
annual sum spread over the remaining duration of the
Policy, i.e.:—

(a) Single payment= 1—nVx)y

premium being Px:^f^\; or
the future annual

(ft) Future annual premium of Px:^n

This is probably the most equitable method of dealing with the
question, and it may be applied in all circumstances. The only
point to be kept in view is that the single payment (n^:^+s|—rtVx)
contains no margin for expense, and, if commission be payable, a

VOL. IV. T
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loading would have to be introduced. In adopting the method in
formula (b) such expenses would almost always be incurred, and
provision has therefore been made for them by adding 7 J per cent.

When the policies are " With Profits" the question becomes
slightly more complicated, and depends upon the method of dis-
tribution. The first method, with the limitations referred to,
holds under almost any form of distribution. Under the second
method, if the Bonuses take the form of simple reversionary
additions, existing Bonuses must either be cancelled, and their
value added to nVx in the formula given—an unsatisfactory course
to the Policyholder,—or the increased value of the Bonus must
form a deduction from nVx; i.e. if the declared Bonus be B} the
formula would become

x-rn: ml
&>x+n: ml

If, however, the Bonus take the form of a compound reversionary
addition for each premium-paid, this method may be applied very
simply thus :—

&>x+n:m\

Further adjustments are necessary should the change be effected
between two periods of Bonus distribution, when allowance would
have to be made for the difference in value of the accrued bonuses ;
also if Policies newly effected should not participate until several
premiums may have been paid.

The third method above mentioned may be readily modified to
meet all circumstances,


